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ABSTRACT

In this paper, we prove a common fixed point theorem for compatible mappings satisfying general contractive
condition of integral type in cone metric space. Our result extand and generalize some results of Huang and
Zhang [10], Khojasteh et.al.[14], Badshah and Pariya [6] and others.
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I. INTRODUCTION AND PRELIMINARIES

Huang and Zhang [10] introduced the notion of cone metric space and proved some fixed point theorems in
cone metric spaces for mapping satisfying various contractive conditions. Many authors study this subject and
many fixed point theorems are proved. For example [2,11,17,9]. Jungck [12] gave a common fixed point
theorem for commuting mappings, which generalizes the Banach’s fixed point theorem and he also introduced
the concept of compatible maps which is weaker than weakly commuting maps. Branciari [17] obetained a fixed
point result for a single mapping satisfying Banach’s contraction principle for an integral type inequality.
Further this result was generalized by [3,4,5,1,8,16,15,19].

The following definitions are due to Huang and Zhang [10].

Definition 1.1. Let E be a real Banach space and P be a subset of E. P is called a cone if;

(@)  Pis closed, nonempty and P= {0};

() abeRabzlxy eP = ax+hy eF
() %cPand—xeP ==x=10
Given a cone P € E, we define a partial ordering "= " with respect to P by x= y ifand only if ¥ —x € F. We

write ® < v to denote = = vbutx = yandx < v to denotey — = £ P%, where P"stands for the interior of P.
The cone P is called normal if there is a number K > 0 such that for all x,y £ E.

0=Z=x=y implies [xll = Kliy
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The least positive number satisfying above is called the normal constant of P. The cone P is called regular if

every increasing sequence which is bounded from above is convergent. That is, if {x,} is sequence such that

14

ooy E o

. zy
For some y = E. then there is x £ E such that |lz; — x| — 0 asn — =
Equivalently the cone P is regular if and only if every decreasing sequence which is bounded from below is
convergent. It is well known that a regular cone is a normal cone.

In the following we always suppose E is a Banach space, P is a cone in E with
P = @ and =is partial ordering with respect to P.
Definition 1.2. A cone metric space is an ordered pair (X,d), where X is any set and d : XxX— E is a mapping
satisfying :

(@ 0<d(x,y)forallx,yeXand d(x,y)=0ifandonlyifx =y,

(b) d(x,y)=d(y, x) forall x, ye X

(© dx,y)=d(x2)+d(z,y) forall x,y,z= X.
Definition 1.3. Let (X,d) be a cone metric space {x,} a sequence in X and =z € X.If for any ¢ Ewithc == 0,
there is N such that for all n>N, d (x,.x) <= c. then {x,} is said to be convergent and {x,} converge to x. i.e
limy_. X, = XOrx, — X3sn —oo,
Definition 1.4.Let (X,d) be a cone metric space {x,} a sequence in X, if for any c= E with ¢>>0, there is N such
that for all n, m >N, d (%.%,1 == cthen {x,} is called Cauchy sequence inX. Lemma 1.1[18]. Let (X,d) be a
cone metric space, P a normal cone with a normal constant K. Let{x,} and {v,lbe two sequences in X and
¥p = V¥, —xasn — =
then d(x,. v, ) — dix.v) asn — =,
Lemma 1.2[18]. Let (X,d) be a cone metric space, P a normal cone with a normal constant K. Let {x,} be a
sequence in X. Then {x,} converge to x ifand only if d(z. %1 —= Qasn — =
Lemma 1.3[18].Let (X, d) be a cone metric space, P a normal cone with a normal constant K. Let {x,} be a
sequence in X. Then {x,} is a Cauchy sequence if and only if d(sp. %} — 0 as mon — ==
Definition 1.5 [6]. Two self-maps f and g of a set X are compatible iflim,, ... (fgx..5fx,1 = 0 whenever

lim o, - Emgx, -t for somete X,

Definition 1.6 [14].The function ¢: F — E is called subadditivecone integrable function if and only if for all

abeP

Lemma 1.4[14].1f [a,b]=[c,d] ,then
W fap = [7 fd. for f e L' (2. ).

@J, (ef +8gidp = a [, fdp + B[, fdpforf.ge L*(¥.Planda. § € R
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1. MAIN RESULT

In this section we extand and generalize some results of Huang and Zhang [10], Khojasteh et.al.[14], Badshah
and Pariya [6] and others. Also we prove a common fixed point theorem for compatible mappings satisfying
general contractive condition of integral type in cone metric space.

Theorem 2.1. Let (X,d) be a complete cone metric space and P a normal cone. Suppose that ¢:P—P is a

nonvanishing map and a subadditive cone integrable on each [a,b]= P such that for each z == 0 |

_I": @(t)dt == 0 If T,S: X—X are compatible maps such that T} = SC{.for all = v = X and satisfying,

PATETY) L eMIEYY e
N @ {E)dt < (], glildt) Q)

2
di52, T | +(d (5y,Ty)

whereM(x,y)= & - f —

+ fd(SnSylandwf= 0,20+ F < landw € (0.1). Then Tand S

5x,Tx)l+d(5y. Ty
have unique common fixed point.
Proof. Fix xe X. Let {y,} be defined by v, = Tx, = 5x,., foralln = 0.
If v, = vp.s for any n, then for allm = =, hence {y,} is Cauchy sequence.
If v, = w4 for any n, then by (1), we have

o8 (¥n ¥rss) -3 Tx, Tx

. 11 Sy
I a(t)dt= I, T plt)dt
i PRI S —_—
=y, T ewde (3
where,
- "
disx T L+ (disn, o T 25
M (5 ) SO0 + P (Sxy, Sy,
s, T, d(5x, 10 T s
Fa VB Fa e 1 F
(@Y =g T Vgl m=1-
Lor— - ~+ Bd{Va_y1 ¥u)
El¥r-1 ¥ te(¥edn=1)
Zod (Vg Vo) F A0 nae ) + Bd (g )
i.e. A0 Ve VS + B AV g V) + 08 (¥ Ve i)
o+
d'«\‘l'«q. Vo 214 _.I i BEVe_1 ¥l
Vo Vst 1o Ch¥n
i N o 1 -\ x4+
Al Praad = hd oy 3a) whereh=—<1
A0 ¥res) e chadlye g vl Y em
Hence by (2),1, ™" e(tidt = w(l, T glt)d) 3)
By inductivity, we obtain,
8(¥n ¥neel { paFa-s el { podeoz ¥aos) )
~ 7 - St g - o g
|' oit)dt = i gltldt | =yl |’ gltldt
o : '...l : _-I '_.l D _-I
chRdlvo vl | s rdlynynesl | s {rhtdlygysl o
ezl ¢ltldt)ie |, pltldt =yl altldt]  (4)

By triangle inegeality of a cone metric for m>n we get

| T . Al . T . R
rdl¥n ¥ml RE-AN SR S PAL AN PR S L St AN PR e
e e e g
|' @it)dt = @i t)dt
0 o
I a;‘fﬂf.'l"\-'l'i.'—;"‘!ﬂ_lf.'l"\-'l'i.'—"—i‘fﬂ_lf Yo¥a 9
I Y g A
=l I+l A+
=l @itlat |
Ydn y
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i :-.' 2l¥eyy!

= (| p(Ddt)

Since, 0 = h = 1,by normality of cone,

R

—dlypyi)

i-f So S .

= K ||y githdt ||| =0
14 ¥

' d:_-'"r.f"m }

F Y N
a (tdt
J.

Hence by Lemmal.3, {y,}is a Cauchy sequence. Since (X,d) is a complete cone metric space and since
vy = Txy = Sx,., in TCX, and{y,}is Cauchy sequence in T(X), so it must be convergent in T(X), then there
exists v £ X such that

limy, =

limy, =y, (5)

Note that it is also true for S(X) since v, & T(X! = S,

L

Also, I[I’._:a_r._l':-cn = yand IL’._:a_r._Sn_: =y,
Now since S and T are compatible, then we have

v = Tyy = Thyp = 5Ty, = 5y

o u o LY

4

— W

u

[

Hence ¥, is commom fixed point of S and T.

For uniquencess, assume x,y £ Xand = = ¥ are two common fixed points of Sand T.

Then by (1),
(5 eenyar = 7 genar = 9 genar (6)
Where,
(2iseTe P eldispryl)? i
M(x,y)= &— —————+ fd{5x. 5v)

(52,720 +d(sy,7)

e mn . S , ;

=z edlSx, Tx) + ed(Sy.Ty) + fd(5x. 5y)
. y o - o -

= wdlx, x) + ed{y.v) + Fd(x.v)

= A

= fd{x.v)

.opdixy L pdix
o R e
iel; @(tiat = i,

" (£1dt), which is contradiction, since & = (0.1).
Hence S and Thave unique common fixed point. This completes the proof.
Corollary 2.1 Let (X,d) be a complete cone metric space and P a normal cone. Suppose that ¢:P—P is a

nonvanishing map and a subadditive cone integrable on each [a,b]= P such that for each == 10

,_I‘f:p(rja‘r == 0 .If T,S : X=X are weakly compatible maps such that T(X} = SC{.for all =y £ X and
condition (1) is satisfied. Then T and S have unique common fixed point.

Proof. Since weakly compatible maps are compatible. Therefore the result follows from theorem 2.1.
Corollary 2.2 Let (X,d) be a complete cone metric space and P a normal cone. Suppose that ¢:P—P is a

nonvanishing map and a subadditive cone integrable on each [ab]= P such that for each & == 10

nE

[~ otid

Jo ®(tidt == 0 If T,S : X—X are occasionally weakly compatible maps such that TCx) = SC.for all

=% ¥ € Xand condition (1) is satisfied. Then T and S have unique common fixed point.

o
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Proof. Since occasionally weakly compatible maps are weakly compatible. Therefore the result follows from

theorem 2.1.
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