International Journal of Advanced Technology in Engineering and Science -
Vol. No.3, Issue 08, August 2015 ijates

www.ijates.com ISSN 2348 - 7550
DOMINATING 4-COLOR NUMBER OF
GENERALIZED PETERSEN GRAPHS

T.Ramachandran', D.Udayakumar?, A.Naseer Ahmed®
'Department of Mathematics, M.V.M Government Arts College for Women, Dindigul, (India)
2 Department of Mathematics, Government Arts College,Karur, (India)

® Department of Mathematics, K.S.R College of Arts and Science, Thiruchengode, (India)

ABSTRACT

Dominating y-color number of a graph Gis defined as the maximum number of color classes which are
dominating sets of Gand is denoted by d,, where the maximum is taken over all y-coloring of . In this paper,
we discussed the dominating y-color number of Generalized Petersen Graphs. We have also discussed the

condition under which chromatic number equals dominating y-color number of Generalized Petersen Graphs.
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I. INTRODUCTION

Letr = (V {&). E{GY) be a simple, connected, finite, undirected graph. The order and size of & are denoted by
nand m [1]. A set D) =V{G) is a dominating set of G, if for every vertex x= V{G)\D there is a vertex
yveDwithxye E(G). And the set I is said to be strong dominating set of G, if it satisfy the additional condition

d(x,G) = d (y,G)[2]. The strong domination number (G} is defined as the minimum cardinality of a

strong dominating set. Also D is said to be weak dominating set of G if it satisfy the additional
conditiond (.G} =d(v.G). The weak domination number x,(G) is defined as the minimum cardinality of a
weak dominating set. It was introduced by Sampathkumar and PushpalLatha (Discrete Math. 161 (1996)235-
242)[3].

The generalized Petersen graph GFP (. k), also denoted P {m. k) (Biggs 1993, p. 119; Pemmaraju and Skiena
2003, p. 215), forn>3 and 1 = k = n/2 is a graph consisting of an inner star polygon (. &7}(Circulant Graph)
and an outer regular polygon (n) (cycle graph £,) with corresponding vertices in the inner and outer polygons
connected with edges.GP(n, k Jhas 2n nodes and 3n edges. These graphs were introduced by Coxeter (1950)
named by Watkins (1969) and around 1970 popularized by Frucht, Graver and Watkins. [4, 5, 6].
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Il. PRELIMNARY RESULT

Definition 2.1: [7] Let & be a graph withy{G) = k. Let & = I, ¥;.... ¥ be a k& —coloring of G. Let dc denote
the number of color classes in € which are dominating sets of &. Then &,(G) = max.d; where the maximum
is taken over all the & —colorings of &, is called the dominating y-color number of .

Definition 2.2:[8] Let & be a graph withz(G} = k. Let € = V.5, ... ¥; be a k —coloring of G. Let dc denote
the number of color classes in € which are strong dominating sets of &. Then d,(G) = max.d. where the
maximum is taken over all the & —colorings of &, is called the strong dominating y-color number of &.

And strong dominating y-color number of & is denoted by =d (G} .Strong-dominating x-color number sd (&)
exists for all graphs Gand 1 = sd (G} = d,(6) = 7(G).

Definition 2.3: [9] The Generalized Petersen graph P(m.kJis a graph with vertex and edge set given
by V (P(n.k)) = {up.upeeitin g Vo Vroee s V]

E(Pln . 0)) = lumy, uvs, viviy i = 0,...,n— 1}

Where the subscripts are expressed as integers modulo n (n = 5).

Propositions: [10]

3 nis odd multiple of 3

1 sdy(G) = d,(C) = {2 otherwise

2. Pin k) isa 3-regular graph with 2Zn vertices and 3n edges.
3. P{m k) is bipartite if and only if n is even and & is odd.
4. If G isregular, then =d, (G} = d, (G)

I11. DOMINATING %-COLOR NUMBER OF GENERALIZED PETERSEN GRAPHS

Let & =FP(n. k) where k < 1 , be the Generalized Petersen Graph with 2n vertices and 3n edges. By the
definition of Generalized Petersen Graph, the set of outer vertices, say 7 and the set of inner vertices, say ¥ are
labeled g, g, v tly_y and  ¥p. ¥y, .0 ¥y respectively. For any k = 3 the vertices g, uq. ... Uy_y are adjacent

to y.uq. .0 iy respectively. By the construction of P{=. k) the induced sub-graph of I will form a cycle of
length n. But the adjacency of the vertices of ¥ is related to the common factors of nand k. Since P{n, k) is 3-
regular graph, d,(P(n, k)) = sd (P(n, k).

Lemma 3.1 Let Gbe a graph with vertex set {vg. 1y..... 7,4} and the edge set {wv;.;: i =0,....n—1}
where the subscripts are expressed as integers modulon {n = 3. For anyk = 3 if ged(n. k) =1, then ¢ = C,
and if ged(n, k) = g.then G = gCy g

Lemma 3.2 If G = P (n. k) is a generalized Petersen graph, then 2 = ¥(G) = 3

Theorem 3.3 If G = P{n, k) is a generalized Petersen graph, then 2 = d,(G) = 3

Proof
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By Lemma 3.1, the induced sub graphs of ' and Vare isomorphic to cycle C,and g = gedin, k)copies of
L gthat has dominating ¥ —color number is either 2 or 3. By Lemma 3.2, (&) is either 2 or 3, that means there
exist a coloring function ¢ from U UV to {0,1,2} such that u; and w;does not have the same color. So, adding
the edges u;v;.i = 0.1, ...n— 1 to connect the induced sub-graphs I/ and ¥ to get P (n, k}will not reduce the
dominating x —color number. Thus €, (G} = 2 or 3.

Theorem 3.4Let F(n. k]be a generalized Petersen graph. Then d,(P(n.k)) = 2 if either F(n. k} is bipartite or
7 is not a multiple of 3

Proof

If P{n, kJis bipartite, then each partition have different color and dominates one another. Since both color class
are dominating set, d,(P(n,k)) = 2.

If n is not multiple of 3, Now the set of outer vertices, say IV and the set of inner vertices, say ¥V are labeled
Up, Uy, lly_y ANd Vg ¥y, ... ¥y respectively, as per the definition.

By Lemma— 3.2, the chromatic number of P{n,klis either 2or3. Since n and 5 is not multiple of 3,

d,(C,)=2and d,( Cnry) =2 There exist a coloring function ¢ from UUV = fu; 1,0 =i <n—1} to
0.1,2} such that u;and v; does not have the same color. Since = is not multiple of 3, adding the edges
u;v; .1 = 0,1.2,....m — 1 to connect the induced sub-graphs L7 and ¥V to get F(n. klwhich makes even cycles
UV Vi gUisglhisgoy - Uiy, for i = 012,...n =1, will not affect the dominating x —color
number d,,(G) = 2.

Theorem 3.5Let P(n k)be a generalized Petersen graph. Thend,(P(n.k)) =3 if n = 3(mod 6lor
n = 0(mod &) and k& = 0 (med 2)

Proof
Case A: Ifn = 3(mod 6)

If ged(n. k} = 1and = is odd, by Lemma- 3.1, the induced sub-graph of outer vertices I/ of G = C,. And also,
the induced sub-graph of inner vertices ¥ of & = C,. Here, £, is a cycle of odd length. Since n is odd and
multiple of 3, by Proposition—1, dominatingx —color number d,of odd cycle C, is 3.

If ged(n. k) = gand = is odd, g cannot be even. Also it is clear that n/g is odd. By Lemma- 3.1, the outer
vertices U7 of ¢ = £;. And the induced sub-graph of inner vertices ¥will form g numbers of disjoint cycles Cy, .
Since n and n/g is odd multiple of 3, (€)= 3and [ r:n;g} =3,

Since ¥{G} = 3, there exists a coloring function ¢ from U UV = fu;v;,0 = i=<n—1}to {0,1,2} such that
u; and 17; does not have the same color. So, adding the edges u;1;.i = 0L1.2,....n — 1 to connect the induced
sub-graphs U and V' to get P(n. k)which makes cyclesu;v;v;, gui,glisg s - Uig;, fori=012,...n—1,
will not reduce the dominating x —color number d,(G) = 3.

Case B: If n = 0(mod 6) and k = 0 (mod 2)

Since n and k is even, ged(n. k) = 1.Let g be ged(n, kJ. Alsog is even.
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Ifn/g is odd. By Lemma — 3.1, the outer vertices UofG = C,..The induced sub-graph of inner vertices ¥ will
form g numbers of disjoint cycles £y 4.

Ifn/g is odd multiple of 3, then ¥( €)= 2 and x{ Cpyg) = 3.

Also dxli C,}=2and dxl[ Cmrg} = 3. So the chromatic number of a graph with vertex I/ U Vis 3. If n/g is even
multiple of 3, then x(€,) = 2 and { €,/,) = 2.

Also d (C,)=2 and d,(Cyy)=2. Alsop(C,) =2and x(Cny)=2 Adding the edges
w;v;.i = 0.12,....n—1to connect the induced sub-graphs U and Vto get P{n.k} which makes odd
cyclesu; vy, g, gl gy - Uiy u;  fori = 0,1,2,...,m — 1, increase the chromatic number. So the chromatic

number of a graph with vertex IV U Vis 3.

In both cases, there exist a coloring function ¢ from I UV = fu;,1;, 0 < i = n— 11 to {0,1,2}such that,

Fori = plmod 3g),

if 0=p < gand even
if 0 =p=2gand odd
if g =p < 2gand even
if2g =p = 3g and even
if2g = p < 3g and odd

cw) =5 if |2 =1 Gmod 3)and cluy)

I
[ T s T O Y

wherec is expressed as integer modulo 3.

Hence the dominating j —color number €, (G} = 3.

Theorem 3.7Let & =FP(n,k)} be a generalized Petersen graph with k=1 and n =0 (mod 3},
thend (G} = x(&).

Proof

If n is even multiple of 3, then it is clear from the Proposition—3,F{3m,1}is bipartite. Hence
d,(G) = y(G)=2.If n is odd multiple of 3, then there exist coloring function ¢ from the set of vertices
fupv,0=i=n—11 to {0, 1, 2} is defined by clu;)=jif i=jlmod 3and clw) =j+1 if
i = j (mod 3)where ¢ is expressed as integers modulo 3. Clearly, the each color class C[0].C[1].C[2]

dominates P (n, 1). Hence d,(6) = y( G} = 3.
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