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ABSTRACT
Let R be a commutative ring with identity and all modules to be treated as unitary modules. In this paper we

obtain some results on weak co-multiplication modules.
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I. INTRODUCTION

Multiplication module was introduced by Barnard [8] in 1981. The dual notion of multiplication module as co-
multiplication module was introduced by Ansari- Toroghy and Farshadifar [6] in 2007. Using the concept prime
sub-module of module, the concept of weak multiplication module was developed and many more results have
been given by Azizi Shiraz [4]. In the year 2009 the dual notion of weak multiplication module as weak co-
multiplication module was introduced by Atani and Atani [5]. Some results on co-multiplication module were
given by Saeed Rajaee [1]. This paper continues this line of research for weak co-multiplication modules.
Throughout this paper all rings will be commutative with non-zero identity and all modules will be unitary. If N
and K are submodules of R-module M then the residual ideal N by K is definedas (N :;r K)={re R:rK c
N}. Let N be submodule of M and I be an ideal of R the residual submodule N by I is definedas (N :;y ) ={m
eM:ml c N}

In the special case in which N= 0 the ideal ( 0 :g K) is called annihilator of K and it is denoted by Ann  (K) also
the submodule ( 0 :\ 1) is called the annihilator of I in M and it is denoted by Ann y, (I). A proper submodule N
of an R-module M is said to be prime submodule of module M if ra e N forr e R anda € M then either a
e N or rM < N[10] (also see examples in [11], [12].) The set of all prime submodules in an R-module M is
denoted by Spec (M).

The aim of this paper is to investigate some results on weak co-multiplication modules.
1. PRELIMINARIES

In this section we give some basic definitions which will be helpful to understand the further results.
Definition 2.1 [8] An R -module M is said to be a multiplication module if for every submodule N of M, there

exist an ideal I of R such that N =1 M.
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Definition 2.2 [6] An R -module M is said to be co-multiplication module if for every submodule N of M there
exist an ideal | of R such that N = (0 :y ). It also follows that M is a co-multiplication module if and only if N =
(0 :m Ann j(N)) for every submodule N of M .

Definition 2.3 [4] An R-module M is called weak multiplication module if M doesn’t have any prime

submodule or every prime submodule N of M, we have N = | M, where | is an ideal of R.

One can easily show that if an R-module M is a weak multiplication module then N = (N :x M)M for every

prime submodule N of M [9].

Definition 2.4 [5] Let R be a commutative ring. An R-module M is defined to be a weak co-multiplication
module if Spec (M) = ¢ or for every prime submodule Nof M, N=(0:y I)=Ann (I) for some ideal I of
R. Also M is a weak co-multiplication module if and only if N = [0 :y Anng (N)] for every prime submodule

N of M. We denote this concept by N cywc M.

Definition 2.5[2] A submodule N of an R-module M is said to be pure submodule if IN = N » IM, for every
ideal I of R.

Definition 2.6 [3] A submodule N of an R-module M is said to be co-pure submodule if (N:p 1)=N +(0: y
1) , for everyideal | of R.

Definition 2.7[1] An R-module M is said to be fully pure (respectively fully co-pure) if every submodule of M is
pure (respectively co-pure).

Definition 2.8 [7] If R is a ring and M is an R-module then M is said to be semisimple module if every

submodule of M is a direct summand of M.
I11. MAIN RESULTS

In this section we obtain some results on weak co-multiplication modules
Proposition 3.1
Let M be an R-module and N < L < M then L/N is a weak co-multiplication submodule of M/N if and only if
there exists an ideal | of R suchthat L=[N :y I]. Let M be a semisimple R-module then M is fully co-pure
and L/N = Anny (1) / Anny (1).
Proof:
Since IN — N for every ideal 1 of R, hence N < L =[ N :y I] . We consider M/N as an R-module. If L/N is a
weak co-multiplication module then Spec (M/N) = ¢ or for every prime submodule L/N cwc M/N then there
exists an ideal | of R such that
LIN =[N:iyn 1={m+N € M/N[Im+N) =Im +N =N}={m+N e M/IN| ImcN}={m+N e
M/IN |me[N iy I]}= [N:uI1]/N. Therefore L =[ N : v I]. The converse is clearly true.
Further let N be co-pure then [N: 1] = N+[0:y1]. So
LIN=EN+[O:mI]/N 2[0:mI]/NA[O:yI] =[0:q1]/ [0:n1] = Anny (1)) Ann  (1).
In particular let M be a semisimple R-module then there exists K = M such that M = N® K. Therefore [ N :y 1]
= [Nl] +[N:yI]=[0:I]+N < [0:y1]+N .Conversely it is clear that [0 :p, ]+ N < [ N iy 1].
Therefore [N:m1]=[0:u1]+N and hence N is co-pure.

283 |Page




International Journal of Advanced Technology in Engineering and Science www.ijates.com

Volume No0.03, Issue No. 06, June 2015 ISSN (online): 2348 - 7550
Corollary 3.2

Let M be an R-moduleand Nc L c M. If Ncwe M and M/N be weak co-multiplication R-module then L
cwe M.

Proof:

We suppose that N = [ 0 :y, J] for some ideal J of R. Since L/N <wc M/N (by above Proposition 3.1), we have
L=[N:yl] forsomeideal lof R.SoL=[[0:pJ]:m I]. Therefore L =0 :y IJ] and hence L cwc M. This

completes the proof.
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