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ABSTRACT

For analytic function f(z) normalized with f(0)=0 and f’(0)=1 in the open unit disk U. A new
class Ly (5. B2, X) of f(z) satisfying some conditions with some complex number 5. (. and

some real number A . The aim of present paper is to discuss some properties for

Li(F4. B, A) of f(2) associated with close-to-convex in U.
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I INTRODUCTION AND DEFINITIONS

Let A denote the class of functions of the form:

f(z) = zP + XX, Apipz 0 (a, €C) (1.1)

Which are analytic and p-valent in the open disc U = {z£ C/|z| < 1}.

Let R(¢zx) denote the subclass of A consisting of functions f(z) which satisfy

Ref(z) = a (ze U) forsomereal o (0 < a < 1),

A function f(z) € R(x) is said to be close-to-convex of order « in U (cf. Goodman[2])
We know that R(e,) © R(e,) for (0 =@, = a, < 1) and R(a) = A by
Noshiro-Warshawski theorem (cf. Duren [3]).

Let L3 (5, B,. A) denote the subclass of A defined as follow:

3

For some complex f,. /5, and for some real 2.

Ffilzi—-p=F~

LB B W) = {f € A —

I I:z_'- 1 3::'_13:: 1

I
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Let T denote the subclass of A consisting of functions of the form:

flz) = 2z — E;oya,:, 2777 (a, = 0) (1.2)

3

Further, let L*(5,.5,. 2) denote the subclass of L3 (5. B,.2) by

L'(By,By 1) = L3(B. B )N T
for some real number £,(0< 8, < 1) and £,(0 < £, < 1)and
for some real number A0 < i = 1),
The class L*(5,, 55, ) was studied by Kim and Lee [4] for univalent function.

We note that :

1) (B 1,%] = P*(B,), where P*(5,) is the class of functions f(z)€ T which

.

satisfy Re
°(z) = [3,. The class P*(3,) was studied by Kim and Lee, Sarangi and Uralegaddi and Al.

Amiri for univalent functions.

2) L*(0,1,2) = G*(X) ,where G*(2) is the class of functions f(z) £ T which satisfy
|f"(z) = 1] £ A The class 6*(*) was introduced by Kim and Lee for univalent
function.

3) L*(1,1,2) = D*(%), where D*(2) is the class of functions f(z)eT which satisfy

f |~3.|_1

‘ = A . Theclass D"(%) was introduced by Kim and Lee [4] for univalent function.

Fime
Il PROPERTIES OF THE CLASS Lj (£, B4, )

1. Coefficient Estimate
First result for the class is contained in
Theorem 2.1

A function f(z) defined by equation 1.2 is in the class L7 (. 5.2} if and only if
EE (4B Ip+ 7l fan.,| =2 p (B + Bl (1.3)

Proof: It follows that

P 5—u oo - . "
Fizl-p=t —Tp=. (mEp) Gpayp 2

B.f' (=) + 3:-’-’3':_:‘ - |':3=__B:-".‘J - B, ILi.(n+p)="

- E;-'L:_ I-"!_.'—"l |'-'~';-'-_+:| |3I:|
T — - — —
|'~.3-'__E:.'.'—1 | - |n'3-'_| E;:-:_-:-'_ [ntp| |27
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o E;f:-_ |-"!_:-"| |'3:1+;|
BB | - |8 TEo, [n+p|

Therefore if f(z) satisfies the inequality (2.1) , then f(z) Li (5,58, 4).

Conversely, it is simple to verify that if f(z) e L5, B, ), then
Y A+UBD o7l |an,] < Ap18,+6,l
n=1

Corollary 2.1 If f(z)e Ly(B,, B, A) then we have

- :"-»[:'l.'g-__le ('ﬂ.=123 :I

.| = —2lE
| nTp |‘1—}~|3:|; (n+p)

Corollary 2.2 A function f(z) defined by (1.2) is in the class L(e. 5. ¥) if and only if

Z(l—?-.,@i) (n+p) Ay, =Ap(B+B,)

n=1

2. Distortion and covering theorem

Theorem 3.1 : If the function f(z)e L35, B, A) then

gl Ap(B.+B;) _ntp
iy =] |:1—j'_"'3_,__:' |:,11— =3 -

f(z)] < 28 + 5=, 2Bl onsy (3.1)

P _
Z —y=1 - y
n=1 |_‘1__?“|3___; (n+z)

[,

Proof: Now f(z)e Li(B,. B,.A) then

@) = |2°- T a,., 2%, (@, €0
= | Epl . E:::i H’."!—;J |:H_:J
< AplBBal o
BU || = 505 ey (7 = 123 )
f(z) < 28|+ T, EECEner) and also If(z)| = | zP| —

iy =1 |:1_:||_".3‘__;.
= AplBiEB) ) ey
2=y (1425, 2777

B Ap(B.+B;) -ntp
n=1 |:1—;'”'3_,__:' |:,11—"_1_:- -

I

If(z)| < =z + X= _p(BtB)  _nap

B_ ¥ =
And hence =z L Sn=li4238,) (ntp)
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3. Modified Hadamard Product
Theorem 4.1 : If the functions f(z) and g(z) & L (5, B, A then f =g € L (B, 2)

For f(z) = zF — X;ya,., 2777 (a,=0) andg(z) = 2F — X7, b,., 27 (b, =0)

Then f(z] -‘-t gl:z) = 7P _ 2:::1 ey b?’!—p Zntp

A plf R}
':-"!_:-";":1_2--'3-'_ VE-Atp B, (8, +Bg)

Where ¥ =

Proof: As f(z) and g(z) & L"(5,. B, A

(1+2B.] intg)

rpthogy G =1 and “pgepy  DPmp =1
We have to find smallest number ¥ such that
(1+yB,) (n+p) L
Yp Bt By S
By Cauchy’s —Schwarz inequality,
e Vo €11 @1

Therefore it is enough to show that

(1+yB) (p+n) a . b (1+28,) (p+mn) la b
¥p [,81— B:) nTEomTE Ap E.S-l_ B::' NI nTEonTE

IA

That is

———— _ (1280
Tl e 0 ==
VEntpTnte = G0,

From Equation (4.1)
Ap EJ'91 T B::‘

| 1 _—

et =8 (ot p)
Thus it is enough to show that

Ap (B +B,) - y(L+A54)
(L+28,) (n+p) " ML+¥By)

Which is simplifies to

. 5270(181_ B2)
o (n+p)(1+ A8 —Ap By (B +Bs)
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4. Closure Theorem

Theorem 5.1 If f;(z) € L°(5,B5.4) j=12.....5 then
glz) = Ej':1 Cf(—_:' e L'(B.B.2)

Where f;(z) =zF — X -y @a,., 2777 and 2, ;=1

n+p &
Proof: g(z) = 3., C,f;(2)

=zP — yee Ve C a . o=nTE

4—|v|_‘_|_4-||_‘_|_ ntp.j -

=zP —F= . e, z"™F where e, =25.,C; a,

Thus g(z) € L°(By Bo2) if Ty, T8 e <1

Thatis if 2. 125=1 05 Oy ApiB,+B) L

= . (1428, (ntg)
& ) S M+AB, ) intp) )
2= G BemtT ey Geted

[,
-

fi(z) € L(5y, B 2)

Theorem 5.2 : If f(z).g(z) € L"(5,,B,. 2) then

hl:zj =z|_‘-"_ E:::-j_ [ﬂ-: aq T b: ,] __:"!—,‘J = L:-EJB'.[-' Bf.l?'-j

ntp ntp

2 ;'-.: 2] I:ng-'__E:-:l
I:j-_llgf_.:': I:H_:J.:'_: l: S-’_F‘ I:Ig-'__E:.:I

Proof: f(z).g(z) € L"(f,,B,.2) and so

Where ¥ =

e [(1#28,) (n+p)]?

Ap (8, 4B,

T

w] b2, < 1 (5.2)

Slmllarly Er:‘l [ 7 [3"?-'? _E ]

. (1+v8,) (n+p)]? p a1 32 -
We show that xr [”T] [ﬂ? ey ] =1

== h{z) €L (BB, 24)
Adding equation (5.1)and (5.2), we get

1o [ (1+vBy) (n—p:l
EZ[ yp (B, + l wp i |51

n=1

I

1422 |Page




International Journal of Advanced Technology in Engineering and Science www.ijates.com
Volume No 03, Special Issue No. 01, March 2015 ISSN (online): 2348 — 7550

That is enough to show

(1+v8y) (n—mr 3[(1—&81) (n+p)]’
2

I

v (B + B2) Ap (B +52)
By simplifying we get,

v 27 p (1‘91 T B:j
T (A4AB) (n+p) =227 Byp (B + By)

5. Radius problem for the class R(ex)

In this section, we discuss some radius problems for the class R(z). To discuss our problems,
we need the following lemma for the class R(«z).

Lemma 6.1 If f(z) € R(a) then, iz, (n+ p)|a,.,| =1 —a.

1—a

Corollary 6.1 If f(=) € R(a) then |a,,.,| = —

Remark 6.1 By lemma 6.1 we see that if f{z) ¢ R() then

"

E:::‘l[ﬂ_ ;0]|-:‘I_,!__,_1| EE:::i(ﬂ' _TG:I|H.*!—_‘J| Zl-w
Theorem 3.1 If f(z) e R(a) and deC (0= |&] = 1), then the function
%f(c‘i:] belongs to the class L3 (f,, B, 2) for (0< |&] < |8,(A)])

Where |&,(2]]| is the smallest positive root of the equation

h(18) = (1 + 2 1BDISI (T —a) (2= 161 —2p (B, + Bl (1-151%)
in 0= (8] =1
Proof: For f(z) € R(a), we see that
2f(8z2) =27 + T2, 67 27 And T2 (n4p) |an,] €1-a
To show that f(z) e Lj(a. 5, ), we need to prove that
Zro (L4 MBD) In+pl [a,.,|677 < Apl(B, + B,

from theorem 2.1 Applying Cauchy-Schwarz inequality, we note that

SEL (LB (1428 In+pl Ja,.,| 875
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= [1+48.] {[:E:zz-_[ Eﬂ‘ . TG) |ﬂn—_‘_1

| &]

) (2 e mlale)

~ [FAE]  reee . . ol 2ints) 1/2 |
< =5 (e () 18PPT) T Vi—a

We note that

(n+p) _ 18l fa-181%)

E.::Tl (n—;@jldlf ) - EEEEE

Therefore we show that

- rmEtn— (1+A 8,08 | T3
Sm = MED Intpl an,| 6777 < SRR T=a) 207

Now, let us consider the complex deC (0= |&] = 1), such that

(1+4|B.)18|
(1-1&1%

V@ —a) (2-1817) =& pl(By + B,

If we define the function h(|51) by

h(161) = (1 + 218 DI (1 —a) (2= 181%) —2p [(By + Bl (21— 16]%)
then we have that

h(0) = —Apl(B, + B < 0 and h(1)=(1 + A[BDVI—a >0
This means that there exists some &, suchthat h(|d ) =0 (0 < [F,]= 1).

This completes the proof of the theorem.
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