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ABSTRACT

We consider a nearly hyperbolic cosymplectic manifold and study semi-invariant sub manifolds of a nearly
hyperbolic cosymplectic manifold admitting semi-symmetric non-metric connection. We also find the
integrability conditions of some distributions on nearly hyperbolic cosymplectic manifold with semi-symmetric
non-metric connection and study parallel distributions on them.

Keywords: Integrability Condition, Nearly Hyperbolic Cosymplectic Manifold, Parallel
Distribution, Semi-Invariant Sub Manifolds, Semi-Symmetric Non-Metric Connection.
2000 AMS Mathematics Subject Classification: 53D05, 53D25, 53D12.

I. INTRODUCTION

In 1978, A. Bejancu [1] initiated the concept of CR- sub manifolds of a Kaehler manifold as generalization of
invariant and anti-invariant sub manifolds. The extension of the concept of a CR-sub manifold of Kaehler
manifold is a semi-invariant sub manifold to sub manifolds of an almost contact manifold. A semi-invariant sub
manifold of a Sasakian manifold was initially studied by Bejancu - Papaghuic [2]. In 1983, K. Matsumoto [3]
and Yano-Kon [4] studied the same concept under the name of contact CR-sub manifold. The study of semi-
invariant sub manifolds in almost contact manifold was enriched by several geometers (see, [5], [6], [7], [8], [9],
[10]). On the otherhand, Golab [11] introduced the idea of semi-symmetric and quarter-symmetric connection.
Upadhyay and Dube [12] studied and define the almost hyperbolic (f, g, n, é)-structure. A semi-invariant sub
manifolds of an almost r-contact hyperbolic metric manifolds was studied by Joshi and Dube [13]. Ahmad M.
and Ali K., studied semi-invariant sub manifolds of a nearly hyperbolic cosymplectic manifold in [14].

Let V be a linear connection in an n-dimensional differentiable manifold Af. The torsion tensor T and curvature
tensor fi of ¥V are given respectively by

TX.V)=FV —F.X—[XV]

REYIZ = VyVoZ =V VyZ — Vig ol

The connection ¥ is symmetric if its torsion tensor T vanishes, otherwise it is non-symmetric. The connection ¥
is metric connection if there is a Riemannian metric g in & such that Fg = 0, otherwise it is non-metric. It is

well known that a linear connection is symmetric and metric if and only if it is the Levi-Civita connection. A.
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Friedmann and J. A. Schouten [15] introduced the idea of a semi- symmetric connection. A linear connection is
said to be a semi-symmetric connection if its torsion tensor T is of the form:

T(X,¥) = 9(X)¥ —n(¥IX

Many geometers (see, [16], [17]) have studied properties of semi-symmetric non- metric connection.

In this paper, we study semi-invariant submanifolds of a nearly hyperbolic cosymplectic manifold with semi-
symmetric non-metric connection.

This paper is organized as follows. In section 2, we give a brief description of nearly hyperbolic cosymplectic
manifold. In section 3, we study some properties of semi invariant submanifolds of a nearly hyperbolic
cosymplectic manifold with semi-symmetric non-metric connection. We also study parallel horizontal
distribution on nearly hyperbolic Kenmotsu manifold with semi-symmetric non-metric connection. In section 4,
we discuss the integrability conditions of some distributions on nearly hyperbolic cosymplectic manifold with

semi-symmetric non-metric connection.
I1. PRELIMINARIES

Let if be an n-dimensional almost hyperbolic Contact metric manifold with the almost hyperbolic contact
metric structure(@. £.n. gJ, where @ is a tensor of type (1.1}, £ is a vector field called structure vector field and

7 is the dual 1-form of £ and the associated Riemannian metric g satisfying the following

O*X =X +nlX)¢ (2.1)
n&) =-1, gx. &) =) (2.2)
olf) =0, nod =0 (2.3)
gleXx,oV) = —g(x.v) —nX)q¥) (2.4)
for any X. ¥ tangent to i1 [8]. In this case
glox.v) = —glov, X) (2.5)

An almost hyperbolic contact metric structure (@.£.77.g) on §f is called nearly hyperbolic cosymplectic
manifold [8] if and only if

(V0¥ + (V@)X =0 (2.6)

Vef =0 .7)

for all X.¥ tangent to A1, where ¥ is Riemannian connection Jf.

Now, we define a semi-symmetric non-metric connection

VeV = V¥ + 7V X (2.8)
such that (Veg) v, Z) = —n(¥)g(X.Z) — n(Z)g(X. V)

From (2.6) & (2.8), replacing ¥ by &Y, we have

(V0¥ + WV, 00X = —y(X)oy — (V) ox (2.9)
VoE= —X (2.10)

An almost hyperbolic contact metric manifold with almost hyperbolic contact structure (@.£.n.g) is called

nearly hyperbolic Cosymplectic manifold with semi-symmetric non-metric connection if it is satisfied (2.9) &
(2.10).
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I11. SEMI-INVARIANT SUBMANIFOLDS AND SOME BASIC RESULTS

Let M be submanifold immersed in if, we assume that the vector £ is tangent to M, denoted by {£} the 1-
dimentional distribution spanned by £ on M, then M is called a semi-invariant submanifold [7] of if if there
exist two differentiable distribution I & I'- on M satisfying

Q) TM = D&@D-&E , where D, D= & £ are mutually orthogonal to each other.

(i) The distribution 2 is invariant under @, i.e. @0, = D, foreach X & M,

(iii) The distribution D is anti-invariant under @, i.e. 80~ c T-M for each X € M, where TM & T—M be
the Lie algebra of vector fields tangential & normal to M respectively.

Let Riemannian metric g and V be induced Levi-Civita connection on M then the Guass formula & Weingarten
formula are given by

Ve¥ = V¥ + h{X, V) (3.1)

ViV = —Ay X + V§N (3.2)

for any X.¥ € TM and N € T-M, where V= is a connection on the normal bundle T-M, k is the second
fundamental form & 4, is the Weingarten map associated with IV as

glAy X, ¥) = g(h(X,¥),N) (3.3)

Any vector X tangent to M is given as

X=PX+0QX +nX)F (3.4)

where PX € D and QX € D+,

Similarly, for N normal to M, we have

@GN = BN + CN (3.5)

where BNV (resp.CN) is tangential component (resp.normal component) of BN.

Using the semi-symmetric non-metric connection the Nijenhuis tensor is expressed as

N(X,¥) = (W 0lV — (V00X — 6(V,00¥ + o(V, @)X (3.6)
Now from (2.9) replacingX by ©X, we have

(V0¥ = — (V)X —n(XIn(¥) & — V@) 0X (3.7)
Differentiating (2.1) conveniently along the vector and using (2.10), we have

(Vyepx = Tpnd (X —nX) ¥ - 6(V, 00X (3.8)
From (3.7) & (3.8), we have

(Veu®)¥ = (DY — n¥)X - (Von(F — nXDn(¥)E + 0@, 00X (3.9)
Interchanging X &Y, we have

(Vo ®)X = (V)X — )Y — (V) (V)F — (X0 (¥)E + 0(V,00¥ (3.10)
Using equation (3.9), (3.10) and (2.9) in (3.6), we have

N(X, V) = dn(X)¥ 4+ 2g(0X, Y& + 4n(X)n(¥) & +40(V, 00X (3.11)
As we know, ¥, 0x =V, 0¥ - 6(V, X)

Using Guass formula (3.1), we have
(V00X = 6(V,0X) + oh(¥,0X) — VX — p(V,X)F —h(¥, X) (3.12)
Using equation (3.12) in (3.11), we have

113|Page




International Journal of Advanced Technology in Engineering and Science www.ijates.com
Volume No 03, Special Issue No. 01, March 2015 ISSN (online): 2348 — 7550

NX.V)I=4q0V + 49D nV)E + 40V, 0X) + 40V, 0X) — 4(V,.X)
—4n(V,X)E — 4V, X) + 2g(0X.V)E (3.13)

Lemma 3.1. Let M be a semi-invariant submanifold of a nearly hyperbolic cosymplectic manifold if with semi-
symmetric non-metric connection, then

2(V,0)¥ = V0V — V,0X + hiX,0V) — h(Y,0x) — olx,v]
forall X,V € D,
Proof. By Gauss formula (3.1), we have
VyOF — V,0X = V,0F — V0% + h(X, o¥) — h(¥, 0X) (3.14)
Also, by covariant differentiation, we know that
V0¥ - V.0X = (V,0)¥ — (V00X + olx. V] (3.15)
From (3.14) and (3.15), we have
(V0¥ — (V,0)X = V0V — V,0X + h(X,0¥) — h(¥,0X) —olx, ] (3.16)
Adding (2.9) and (3.16), we obtain

2(V,0)¥ =V,0V — V,0X + hiX,0V) — h(¥,0X) — olx,¥]
forall X.¥ € D.

Hence lemma is proved.

Lemma 3.2. Let M be a semi-invariant submanifold of a nearly hyperbolic cosymplectic manifold if with semi-
symmetric non-metric connection, then

2(V, 00X = V,0X — V,0F + h¥, 0X) — h(X,0V) + o[X.V]
forall X,V € D,

Lemma 3.3. Let M be a semi-invariant submanifold of a nearly hyperbolic cosymplectic manifold if with semi-
symmetric non-metric connection, then
20V,00¥ = Az, ¥V — Ag X + V30F — V30X — 0lX, ¥]
forall X, v € D
Proof. Using Weingarten formula (3.2), we have
ViBF — V08 = AgyV — Agy X + V30X — V5 OX (3.17)
Comparing equation (3.15) & (3.17), we have
(V007 — (V00X = A, ¥ — Az X + V30V — VioX — olx, ¥] (3.18)
Adding (2.9) & (3.18), we have
2(VyD)Y = Agp ¥ — Agp X + V0¥ — Vi 0X — 0lX, ¥]
forall X, ¥ e D+,
Hence lemma is proved.
Lemma 3.4. Let M be a semi-invariant submanifold of a nearly hyperbolic cosymplectic manifold A7 with semi-
symmetric non-metric connection, then
20V, 00X = Agp X — Apy ¥V + Vi 0X — V3 0V + 6[X, V]

forall X,V D+,
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Lemma 3.5. Let M be a semi-invariant submanifold of a nearly hyperbolic cosymplectic manifold if with semi-
symmetric non-metric connection, then

2(V,0)¥ = —Ag X + V30V — V,0X — h(¥, 0X) — olX, ¥]
forall X e D and ¥ € D+,
Proof. By Gauss formulas (3.1) and Weingarten formula (3.2), we have
V0¥ — V.08 = —4,. X + V30V — V6% — h(Y, 6X) (3.19)
Comparing equation (3.15) and (3.19), we have
(Ty0)¥ — (V,0)X = —Agp X + V30V — V0 — h(¥, 0X) — olX, ¥] (3.20)
Adding equation (2.9) & (3.20), we get

2(V,0)¥ = —Ag X + V30V — V,0X — h(¥, 0X) — olX, ¥]
forall X e Dand ¥ € D+,

Hence lemma is proved.

Lemma 3.6. Let M be a semi-invariant submanifold of a nearly hyperbolic cosymplectic manifold if with semi-
symmetric non-metric connection, then
20V, 00X = 45X — V30V + V,0X + h(¥,0X) + olx, ¥]
forall X e Dand ¥ € D+,
Lemma 3.7. Let M be a semi-invariant submanifold of a nearly hyperbolic cosymplectic manifold if with semi-

symmetric semi-metric connection, then
P(V,0PY) + P(Vy0PX) — PApqyX — PApge ¥ = —n(X)0PY —n(Y)OPX + 0P (V,Y)

+0P(V,X) (3.21)
QUV,BPY) + Q(V,BPX) — QApgy X — QApgx ¥ = 2Bh(X, V) (3.22)
h(X. BPY) + (V. 0PX) + V300V + V00X = —n(X)0QY — n(VI0QX + 0Q(V, V)
+0Q (VX)) + 2Ch(X. V) (3.23)
n(Vx0PY) + n(V,8PX) — n(dapX) — nlAgex¥) =0 (3.24)

forall X.¥ € TM.
Proof. Differentiating covariantly equation (3.4) and using equation (3.1) and (3.2), we have
(Vi@ + 0(V,¥) + Oh(X,¥) = V,0PF + h(X,OPY) — Apgy X + Vx0QY (3.25)
Interchanging X & ¥, we have
(V08X + O(V,X) + Oh(¥,X) =V, 0PX + h(Y,0PX) — Apox ¥ + V300X (3.26)
Adding equations (3.25) & (3.26), we have
(V0¥ + (V00X + 6(V,V) + 0(V,X) + 20h(X. V) = V,BPY + V.0PX + h(X,0PY)
+h(¥Y, BPX) — Apge X — Apgx ¥ + Vx0QY + V50QX (3.27)

By Virtue of (2.9) & (3.27), we have
—n(X)g¥ —n(¥)oX + 0(V,¥) + 6(V,.X) + 20h(X, V) = V,0PY + V,0PX + h{X, 6PY)
+h(¥Y, BPX) — Apge X — Apgx ¥ + Vx0QY + V50QX
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Using equations (3.4), (3.5) & (2.3), we have
—n(X)oPY — n(X)0QY — n(¥VIBPX —n(¥)0QX + BP(V,Y) + 0Q(V,Y) + 0P (V,X)
+0Q (V. X) + 2BR(X.¥) + 2Ch(X,¥) = P(V,0PY) + Q(V,0PY) + n(V,0PY)Z
+P(V,0PX) + Q(V,0PX) + n(V,0PX)F + h(X,0PY) + (Y, 0PX) — PAppy X
~QAggr X — ApqrX)E — PAgorY — QAggr¥ —nlApox¥)E + Vi 0QY + V30QX
Comparing horizontal, vertical and normal components we get desired results.
Hence lemma is proved.
Definition 3.8. The horizontal distribution I is said to be parallel [2] on M if V;¥ e D, forall X.¥ € D

Theorem 3.9. Let M be a semi-invariant submanifold of a nearly hyperbolic cosymplectic manifold if with
semi-symmetric non-metric connection. If horizontal distribution I is parallel, then

h(X,0¥) = h(Y, 6X)
forall X.¥ € D,
Proof. Let X.¥ €D, as D is parallel distribution, then

V,0F €D &V,0K €D
Then, from (3.22) and (3.23), we have

Q(V,0PY) + @V, BPX) — QAggr X — QApgx ¥ + h(X,OPY) + h(Y, BPX) + Vi0QY
+V¢0QX = —n(X)oQy — n(Y)0QX + 06Q(VeV) + 06Q(V,X) + 2Bh(X,¥) + 2Ch(X, V)

As @ being a projection operator on D+ then we have
h(X,0¥) + k(Y. 0X) = 20n(X.¥) (3.28)
Replacing X by @.X in (3.28) & using (2.1), we have
h(gX, oY) + Y, X) = 20r(0X. V) (3.29)
Replacing ¥ by 8Y & using (2.1) in (3.28), we have
h(X,¥) + koY, 0x) = 2on(X, 0F) (3.30)
By Virtue of (3.29) and (3.30), we have

h(X,0¥) = h(¥,0X)
forall X.¥ € D.

Hence theorem is proved.

Definition 3.10. A semi-invariant submanifold is said to be mixed totally geodesic [2] if
h(X.¥) =0, forall X e D and ¥ € D*.

Theorem 3.11. Let M be a semi-invariant submanifold of a nearly hyperbolic cosymplectic manifold if with
semi-symmetric non-metric connection. Then M is a mixed totally geodesic if and only if
AyXeD forall X € D.
Proof. LetdyX €D forallX € D,
Now, gh(X, V), N) = gla,X. V) =0, for¥ e 0L,
Which is equivalent to (X, ¥) = 0.

Hence M is totally mixed geodesic.
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Conversely, Let M is totally mixed geodesic.
That is h(X.¥) =0 for¥ € Dand ¥ € D*.
Now, glh(X, V). N) = g(A4,X. V).
This implies that g4y X.¥) =0
Consequently, we have
AyX eD, forall¥ e D+

Hence theorem is proved.
IV. INTEGRABILITY OF DISTRIBUTION

Theorem 4.1. Let M be a semi-invariant submanifold of a nearly hyperbolic cosymplectic manifold #f with
semi-symmetric non-metric connection, then the distribution D&{(Z} is integrable if
h(X,8Z) = hipX,Z) 4.2)
for each X.V.Z e (D@(F)).
Proof. The torsion tensor (X, ¥) of an almost hyperbolic contact manifold is given by
S5(X.¥)=NX.Y) + 2dn(X. V)&
Where N(X. ¥} is Neijenhuis tensor.
If (D@{Z}) is integrable,
then N(X.¥) =0, forany X.¥ € (D@{F})
Hence from (3.13), we have
(XY + X q¥V)F + 46(V,0X) + 40h(Y, 6X) — 4(V,.X) — 4n(V,.X)F — 4 (¥, X)

+2g(BX.¥)F =0 (4.2)
Comparing normal part both side of (4.2), we have
oQ(V,0X) — h(¥.X) + Ch(¥.0X) = 0 (4.3)

for X,V € (D@®{£))
Replacing ¥ by @2, where Z € D in (4.3), we have

0Q (Vs 0X) — h(8Z,X) + Ch(0Z,0X) =0 (4.4)
Interchanging X and Z, we have

0Q (Vs 0Z) — h(0X,Z) + Ch(DX,0Z) =0 (4.5)
Subtracting (4.4) from (4.5), we obtain

6Q[ox, 0Z] — h(BX,Z) + h(BZ,X) =0 (4.6)
Since (D@{Z)) is integrable,

So that [0X,0Z] € (D@(E)), forX,ZeD

Consequently, (4.6) gives
h(@X,2Z) = h(pZ, X)

for each X, ¥, Z € (D@{F)).

Hence theorem is proved.
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Theorem 4.2. Let M be a semi-invariant submanifold of a nearly hyperbolic cosymplectic manifold #f with
semi-symmetric non-metric connection, then

AgyZ — AgsY = 20P[Y, Z]
foreach ¥.Z e D+

Proof. Let¥.Z e D+ and X € TM, from (3.3), we have

294V X) = gy, X).02) + g(h (X, V), 82) 4.7
Using (2.9) & (3.1) in (4.7), we have
2g9(Ag: V. X) = —g(V,0X.2) — g(V,0V.Z) —n(X) glo¥,Z) — n(¥)g(oXx. 2) (4.8)

From (3.2), we have
VN = —Ay X + VN
Replacing N by @V
V¥ = —Ag X + V30V
As V is a Levi-Civita connection, using above, then from (4.8), we have
2g(4,: V. X) = —g@V, Z.X) + glAg, 2. X) (4.9)
Transvecting X from both sides from (4.9), we obtain
245,¥ = -0V, Z + AgyZ (4.10)
Interchanging ¥ & Z, we have
24 Z = —OV,¥ + Ag, ¥V (4.11)
Subtracting (4.10) from (4.11), we have
(AgyZ — Agz¥) = S0V, 7]
Comparing the tangential part both side in above equation, we have
(AgyZ — Agz¥) = 0PIV, 7]
where [¥, Z] is Lie Bracket.

Hence theorem is proved.

Theorem 4.3. Let M be a semi-invariant submanifold of a nearly hyperbolic cosymplectic manifold i with
semi-symmetric non-metric connection, then the distribution is Integrable if and only if
Agyd — Agz¥ =0 (4.12)
forall v,z e D+,
Proof. Suppose that the distribution D+ is integrable, that is [V, Z] € D+
Forany ¥,Z € D+, therefore P[¥,Z] = 0.
Consequently, from (4.11) we have
Agyd — Agz¥ =0

Conversely, let (4.12) holds. Then by virtue of (4.11), we have
eP[v.Z1 =0

Forall V.Z € D*. Since rank © = 2n
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Therefore, either P[¥.Z] = 0 or P[V.Z] = kZ.

But P[¥. Z] = k£ is not possible as P being a projection operator on I.
So Plv.Z] =0,

This implies that[¥, Z] € b+, forally, Z € b+.

Hence D+ is integrable.

Hence theorem is proved.
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