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ABSTRACT

In this paper, we prove a common fixed point theorem for occasionally weakly, compatible mappings in fuzzy
metric spaces using the property (E.A.).
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I. INTRODUCTION
The concept of fuzzy sets was introduced initially by Zadeh [21] in©1965. Following the concept of fuzzy sets,
fuzzy metric spaces have been introduced by Krdmosil and Michalek [11], George and’VVeeramani [8] modified
the notion of fuzzy metric space with the help of continuous t-norms.

For example, Deng [5], Ereeg [6], Fang [7], George and Veeramani [8], Kaleva and Seikkala [12], Kramosil
and Michalek [11] have introduced the concept of fuzzy metric spaces in different ways. In applications of fuzzy
set theory the field of engingering has undoubtedly been a leaderg’All engineering disciplines such as civil
engineering, electrical engineering, Auelear engineering etc. havealready been affected to various degrees by the
new methodological possibilities\opened-by fuzzy sets.

Il. PRELIMINARIES
Definition 2,20 [16]PA binary operatiof =: [0,1]% — [0, 1] is called a continuous t-norm if ([0, 1],*) is an abelian

topological monoid; 1.€.

(1) * is associative and commutative,

) * s continuous,
3) a*1=a foralla€[0,1],
4) a* < ¢*d whenever a<cand b <d, for each a,b,c,d € [0,1].

Two typical examples of a continuous t-norm are a * b=ab and a * b=min {a, b}.

Definition 2.2. [15] The 3-tuple (X, M,*) is called a fuzzy metric space if X is an arbitrary non-empty set,* is a
continuous t-norm and M is a fuzzy set on X? x [0, ) satisfying the following conditions.

for each x,y,z € X and t,s >0,
(FM-1) M (x,y,t)>0,

(FM-2) M (x,y,t) = 1 if and only if x=y,
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(FM-3) M (x,y,t) = M(y,x,1),
(FM-4) M (x,y,t) * M (v,2,5) <M (X,z,t+s),

(FM-5) M (x,y,.) : [0,00)—[0,1] is continuous.

Let (X, M,*) be a fuzzy metric space. For t>0, the open ball B(x,r,t) with a centre x € X andaradius0<r<1

is defined by

B(x, r, t) ={y € X: M(x,y,t) > 1-r}.

A subset A < X is called open if for each x € A, there exist t >0 and 0<r< X, ) < A.Lett
denote the family of all open subsets of X.Then t is called the topology on X induced by the fuzzy metric M.

This topology is Hausdorff and first countable.

Example 2.1.[18] Let X = R. Denote a*b = a.b for all a,b € [0,1

t+ x|
for all x,y,e X.

tinuous function of R,

®)=23 v (9 =sin(z, ;)

(¥p: Xm, t) =1-e fo >mg; i.e., M(%,, %5 t) »1 as n,m—oo forall t>0.

(iii) A fuzzy metric Space in which every Cauchy sequence is convergent is said to be complete.

Lemma 2.1.[9] For all X, y, € X, M (X, y, .) is a non-decreasing function.

Definition 2.4.[18] Let (X, M,*) be a fuzzy metric space. M is said to be continuous on

X% % [0,00) if limy o M(x, ¥nth) = M(X, Y, t), whenever {(%q. ¥n.tn)} is a sequence in X* x [0, =) which

converges to a point (x, y, t) € X% x [0,c):

Lelimy o M(xp, x, )= limp M(yp.y.t) = 1and limp_ M(xy.t) =M (X y,1).
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Lemma 2.2. [9] M is a continuous function on X* = [0, c2).

Definition 2.5.[10] Self mappings A and S of a fuzzy metric space are said to be weakly compatible if they

commute at their coincidence points; i.e, Ax=Sx for some xeX implies that ASx=SAXx.

Definition 2.6.[10] Two self maps f and g of a set X are called occasionally weakly compatible iff there is a

point xe X which is coincidence point of f and g at which f and g commute.

Definition 2.7.[1] The pair (A, S) satisfies the property (E.A.) if there exists a sequence {x, } in X such that

limp_  M{Axy, ut) = limp Mz, 0t) =1 forsomex e Xandallt =

t

Example 2.3. Let X=R and M (x,y,t)= o] for every x,ye X al d S by
Ax= 2x +1 and Sx = x+2.and the sequence {x,} by x,=1+ i n=1,
limp_ . M(Ax, 3,8) =limg_M(5 x5, 3.£)=1
for every t > 0. Then, the pair (A, S) satisfies the p weakly compatible.
The following example shows that t do not satisfy the property

(E.A).

Example 2.4. Let X=R and M(x, y, t) = t > 0. Define A and B by Ax= x+1 and

Sx =x+2. Assume that there ex guence {z } in X such th

It is our purpose in paper to prove a common fixed point theorem for occasionally weakly compatible

mappings satisfyinga contractive condition in fuzzy metric spaces using the property (E.A.).

1. MAIN RESULTS
Let @ be the set of all increasing and continuous functions @:(0,1]—(0,1], such that @(t)>t for every t € (0,1).

Example 3.1. Let @ : (0,1]—(0,1] defined by @(H)= & 2.

Theorem 3.1. Let (X, M,*) be a fuzzy metric space and S and T be self —mappings of X satisfying the following

conditions:
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(i) T(X)E S} and T(X) or S(X) is a closed subset of X

M5y Iy, t}
() M, Ty, ) 2@(miny 592 rmu{Misx-rx oy p
o 25V T
LT - 1’ x Ty &, l

forall x,y € X,t> 0 and for some 1= k< 2. Suppose that the pair (T, S) satisfies the property (E.A.) and

(T, S) is occasionally weakly compatible. Then S and T have a unique common fi

Proof. Since the pair (T, S) satisfies the property (E.A.), there exists a sequen
limp_ M(Tx, , z O)=limy_ M(SX, z ,1)=1

a closed ere exist

for some z € X and every t>0.Suppose that S(X

ve X such that 5v = z and =0

limy o Txy = limy 5%, = Sv ==

Using (ii) we get

M{an, Sv, tn:}

. I:er,;nc,,,n]}
M (Tzg, Tv.tp) = @(min R, m:.Etum M(Sv,Twitz) ¥ ()

_2 (S Twts),
S0P 24, =10 M{TI [Su;l‘xn,m}

M(5x,, Sv. tg),
> B(min 4 Min {M[an, Tixp. 2. M (Sv, Tv,itn - g)}, )
max {M (Sx,, Tv. 2ty — 2], M(Sv, Ty )}
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Yo E (D, itn) Az n — oo, it follows that

r M(Sv, 5v, t,), )

M(Sv, Sv. 2),
I 2 »
i {I‘-{[Sv, Tyt - z]

2
{I'-'I (Sv, Tv, Etn - E) J]
A

M{5v, Sv, )

M{Sv, Tv. ty) = B(min {

=@ (M (SV, Tv,itn - z))

> M(Sv.Tv.  t — 2)

As £ — 0, we have
M (Sv,Tv,tp) = M(5v., Tv, itn}

which is a contradiction. Therefore, z=Sv=Tv.Sinc ionally weakly \compatible, we have
Tz=Sz.

Now,we show that z is a common fixed

Using (ii) we obtain

5
M(z,Tz,t)z @{min

forall s £ (D,%t}.
M @720z O(min (MG T2 0.M (2 T22¢)

=p(M(z, Tz.0)) = M(z, Tz.t)

which is a contradiction. Hence Tz = Sz = z. Thus z is a common fixed point of S and T. The uniqueness of z

follows from the inequality (ii).
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Example 3.2. Let (X,M,*] be a fuzzy metric space,where X=[0,1] with a t-norm defined a= & = a. b for all
a,bef0,1] and w is an increasing and a continuous function of &, into(0,1) such lim;_.w{t)=1.for each te(0, ),

define
M(xyt)y=w(e) !
for all x,ye X, Define zelf — maps T and 5 on x as follows:

TXZJHE,SH = tan [.r{x)
g 4
It is easy to see that

) TO=E.11<[01] =500,

(i) for a sequence x;=1- i,we have

|1—13._-'r.|+2_1|

limp_ . M(Tx,, 1,£) = wit)

limp M (S, 1,8 = W =T

for every t= 0. Hence the pair (T, S) Sy to see that the pair (T,S) is

occasionally weakly compatible.Let @: (0.1] — (0.1] define £) =t as

M (5x, Sy, t),

2. [MSxTxt,)
ty+1s =l_:t mm{ M5, Tyita J} , )

sup 2 M5 Ty t3)
Tz+ty=it mﬂ.x{ M(E:.n'l‘x,t.;;.‘}

31

for all x,ye X.t = 0 and for some 1= k = 2. all conditions of theorem 1 hold and z=1 is a unique common fixed

pointof Sand T.

Corollary 3.1. Let T and S be self-mappings of a fuzzy metric space (X, M,*) satisfying the following

conditions:
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() T 8™ 00, T"(Xor 5™ (X)is a closed subset of Xand T"S=ST",TS™ =5"T,

M(5™x STy, 1),

. .| Fup 3, (ME™e Tty
(ii) M (T"xT"y.t) = @(min t1+t2=l_:tm{M[5my,T”].r,t;]}’

sup 2 MIE™ T yta),
tatlta=it MESmy,T”x-tﬂg

for all x,y eX for somen, m=2,3,....,t >0and for some 1= k = 2.

Suppose that the pair (T™.5™) satisfies the property (E.A) and (T™.5™) is occasionally weakly compatible. Then

S and T have a unique common fixed point in X.
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